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1 w Substitution

1.1 Requirements

e Need to know how to differentiate ().
e Need to identify both:

1. a function to be substituted with u, and

2. the derivative of the u function.

1.2 Possible Substitutions

1. Integrand consists of a composition of functions, f (g (x))

e let u=g(z), and
o du=¢g (v)dr

e then / f (g x) dx becomes / udu

— Example: [ ze” “dx

(a) Since there is a composition of e® and z? while z? is the ’inside’

function, let u = 22
du

(b) du = 2xdz; rewrite this expression as dr = —

2x
du

(c) substitute: [ ze® dx becomes /xe e
x

1
(d) simplify to: §/e“du

1
(e) integrate: 56“ +C
(f) substitute back into the original variable:

1
f:zce"”2da: = 56””2 +C

f(z)
g9 (z)

2. Integrand consists of a rational expression,

(a) let u = the entire denominator

E le:
e Example /1—i—x2
i. let u=1+2z?

dx

du

ii. du = 2zdx; rewrite this expression as dx = o
x

z du

T
1ii. substitute: / ] dx becomes /

+ 72 u 2z

1 [1
iv. simplify to: 5/—du
u

Potential exceptions
are: u = /z and

u = e".
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v. integrate: §ln|u] +C
vi. substitute back into the original variable:
1
/ * dx:§ln|1—|—x2‘+0

14 22
(b) let u = a factor within the denominator
e Example: / L(f)
1 + sin® ()

i. Since there is a composition of sin (z) and z? in the denominator,
let u = sin ()

du
ii. du = cos (x)dx; rewrite this expression as dz =
cos ()
1
ili. substitute: / %dw becomes / U
1 + sin” (z) 1+ u?

iv. no simplification needed
v. integrate: tan™' (u) + C
vi. substitute back into the original variable:

Mm— an~! (sin (x
/1+sin2(x)d =t (sin(2)) + C

3. let u = a factor in the numerator when part of du is in denominator

tan—! (z)

E le: | ———=d
e Example / T2 %2
(a) Since the derivative of tan™" (z) is 7z which is recognized in the
denominator, let u = tan™! ()

(b) du = o sdx; rewrite this expression as (1 + 2%) dx = du

7

tan™!
c) substitute: /n—@)d:c becomes / (1 —l—xQ) du
I 1+ 22

(c)
(d) simplify to: [ udu
2
(e) integrate: % +C
(f) substitute back into the original variable:
tan~! () 1 21 \2
/wdl‘z 5 (tan 1£C) +C

1.3 Verify
Check the following:

e After the simplifying step, the entire integrand MUST be in terms of the new
variable, u (do not forget the du)

— Additional substitutions using the let statement may be necessary;

e For definite integrals, the limits of integration MUST be converted into values
of u.



mailto:John.Weber@gpc.edu

	u Substitution
	Requirements
	Possible Substitutions
	Verify


